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a b s t r a c t
We study regular maps with nilpotent automorphism groups in
detail. We prove that every nilpotent regularmap decomposes into
a direct product of mapsH ×K , where Aut(H) is a 2-group and
K is a map with a single vertex and an odd number of semiedges.
Many important properties of nilpotent maps follow from this
canonical decomposition, including restrictions on the valency,
covalency, and the number of edges. We also show that, apart
from twowell-defined classes of maps on at most two vertices and
their duals, every nilpotent regular map has both its valency and
covalency divisible by 4. Finally, we give a complete classification
of nilpotent regular maps of nilpotency class 2.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Regular maps are cellular decompositions of closed surfaces exhibiting the highest possible
number of symmetries. The most familiar examples are certainly the five Platonic solids on the 2-
sphere. The first known non-spherical regular map is probably the great dodecahedron, a 5-valent
pentagonal map on the surface of genus 5 discovered by Kepler. Modern history of regular maps goes
back at least to Klein [13] who described in [13] a regular map of type {7, 3} on the orientable surface
of genus 3. Ever since, this area of research has been closely connected with group theory as one can
see in Burnside’s famous monograph [3] and in Coxeter’s and Moser’s book [5, Chapter 8].
This paper focuses on regular maps on orientable surfaces; in addition, the map symmetries under
consideration are always orientation-preserving. It is well known that the automorphism group of
such a map is a finite 2-generator group where one of the generators is an involution. Conversely, any
presentation of a finite 2-generator group in the form G = ⟨r, l⟩, with l2 = 1, gives rise to a regular
map whose orientation-preserving automorphism group is isomorphic to G. It is therefore natural to
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askwhich finite groups have such presentations andwhich couples of generating pairs (r, l) and (r ′, l′)
give rise to non-isomorphic maps.
In 1994Malle et al. [15] proved that every nonabelian finite simple group can be generated by two
elements, one of thembeing of order two. A stronger resultwas proved in 1998 by Stein [25]: it implies
that the element of order two can, in fact, be chosen arbitrarily. It follows from these results that
every nonabelian finite simple group is the automorphismgroup of some regularmap on an orientable
surface. From this point of view, classification of orientable regular maps with simple automorphism
group would provide a refinement of the classification of finite simple groups. Although this problem
seems to be intractable in general, for some groups it can be solved, see for instance [12,24]. Moreover,
using Hall’s counting principle [9] one can also calculate the number of non-equivalent pairs of
generators in terms of group characters (see [6,12]). As for the classification of regular maps arising
from particular classes of simple groups we are very far from a complete description. The hardest
family to understand seems to be the one that comes from alternating groups.
Even less is known about regular maps arising from given families of solvable groups, except for a
folklore result classifying regular maps whose automorphism group is abelian. The aim of the present
paper is to investigate maps with nilpotent automorphism groups and to classify those of nilpotency
class two. As concerns nilpotent maps of higher nilpotency classes, their classification appears to be
difficult, taking into account great variety of nilpotent regular embeddings of Kn,n and Qn where n is a
power of two [7,8,14].
2. Preliminaries
Amap is a tripleM = (D; R, L)where D is a finite nonempty set of darts, R and L are permutations
of D such that L2 = id, and the permutation group ⟨R, L⟩ acts transitively on D. The permutations
R and L are called the rotation and the dart-reversing involution of M, respectively, and the group
⟨R, L⟩ = Mon(M) is themonodromy group ofM.
Each map M has its underlying graph KM whose vertices are the orbits of R and whose edges
are the orbits of L, with incidence between vertices and edges defined by nonempty intersection.
Since Mon(M) is transitive on D, the graph KM is connected. Note that KM may have loops, multiple
edges, and even semiedges (which correspond to fixed points of the dart-reversing involution). The
permutation R actually describes an embedding of KM on some oriented surface SM , the supporting
surface of M: each cycle of R defines a cyclic ordering of darts around the corresponding vertex
consistentwith the orientation of SM , and each cycle ofRLdescribes a face-boundary of the embedding.
The surface SM is formed by spanning each cycle of RLwith an oriented 2-cell and by identifying each
dart xwith L(x) in such a way that the orientations of the corresponding cells agree.
The topological representation of a map suggests that we can define the dual of a map M =
(D; R, L) to be the map M∗ = (D; RL, L). Thus, the vertices of M∗ correspond to the face-centres
ofM and vice versa, and the darts ofM, and those ofM∗, correspond to each other. In particular, a
pair of dual maps have the same supporting surface and the same monodromy group.
LetM = (D; R, L) andM′ = (D′; R′, L′) be maps. A homomorphism φ:M → M′ is a mapping
φ:D → D′ such thatφR = R′φ andφL = L′φ. Since themonodromy groups of bothmaps are transitive
on darts, every map homomorphism is surjective. It is well known that a map homomorphism
represents an orientation-preserving branched covering of the supporting surfaces which preserves
the map structure andmay have branch-points at vertices, face-centres, and end-points of semiedges
(where the branching index must be 2). For this reason we often say that a mapM covers a mapM′
whenever there is a map homomorphismM→M′.
As usual, an isomorphism between two maps is an invertible (bijective) homomorphism, and an
automorphism is a self-isomorphism of a map. All automorphisms of a map form the automorphism
group Aut(M). This group is, in fact, the centraliser of the monodromy group in the symmetric group
SD. It is easy to see that Aut(M) acts semiregularly on D, that is to say, the stabiliser of each dart is
trivial. If the action of Aut(M) on the darts of themap is transitive, and hence regular, themap itself is
called regular (or, more precisely, orientably regular). The monodromy group and the automorphism
group of a regular map are abstractly isomorphic although their actions on the dart-set are different;
conversely, an isomorphism Mon(M) ∼= Aut(M) implies thatM is regular. If this is the case, then all
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faces ofM have the same size, say s, called covalency ofM, and all vertices have the same valency, say
t , the valency ofM. The pair {s, t} is the type of a regular map.
Regular maps can admit an even higher degree of symmetry than just regularity. For instance, a
regular mapM = (D; R, L) can be isomorphic to its mirror image (D; R−1, L); in this caseM is said to
be reflexible. There are other kinds of ‘‘external’’ symmetries similar to reflexibility, such as exponents
or isomorphisms with Petrie-duals; for details we refer the reader to [19,20].
LetM = (D; R, L) be a regularmap. Since the action ofMon(M) = ⟨R, L⟩ on the dart-set is regular,
D can be identified with Mon(M) in such a way that the action of Mon(M) is isomorphic to the action
of Mon(M) on itself by left multiplication; in particular, we can write R(x) = R · x and L(x) = L · x.
This process can be reversed. Given a finite group G = ⟨r, l⟩ with l2 = 1 we can define a regular
map with dart-set D = G such that the rotation R and the dart-reversing involution L are defined by
setting R(g) = rg and L(g) = lg for each g ∈ G. All this implies that every regular mapM = (D; R, L)
can be identified with a triple (G; r, l) where G is a group and {r, l} is a generating set for G with l
being an involution. Such a triple is called an algebraic regular map. It is easy to see that every map
homomorphism φ: (G; r, l) → (G′; r ′, l′) is in fact a group homomorphism G → G′ that takes r to
r ′ and l to l′, and vice versa. If this homomorphism has kernel of size k, then each dart of (G′; r ′, l′)
has precisely k preimages in (G; r, l) and φ represents a k-fold branched covering of the supporting
surfaces.
This algebraic description is particularly useful when one wishes to determine all regular maps
whose automorphism group is isomorphic to a given groupG. Indeed, twomaps (G; r, l) and (G; r ′, l′)
are isomorphic preciselywhen there exists an automorphismofG that takes r to r ′ and l to l′. Therefore
the isomorphism classes of regular maps with automorphism group G simply correspond to the orbits
of Aut(G) on the set of all generating pairs (r, l)with l2 = 1, (see, for example, [11]). It follows that the
problem of determining all regular maps with automorphism group isomorphic to a given group is of
purely group-theoretical nature.
As mentioned in the Introduction, the main aim of this paper is to investigate regular maps with
nilpotent automorphism group. Since every finite nilpotent group is the direct product of its Sylow
subgroups (see, for instance, [23]), it is useful to have a look at the product structure of maps. Given
algebraic regular mapsM1 = (G1; r1, l1) andM1 = (G2; r2, l2) we define their product M1 ×M2
to be the algebraic map (G; r, l), where G is the subgroup of the direct product G1 × G2 generated
by r = (r1, r2) and l = (l1, l2). One can easily show that if the orders of r1 and r2 are coprime and
at least one of the mapsM1 andM2 is not bipartite, then G = G1 × G2 and the underlying graph of
M1 ×M2 is isomorphic to the direct product K1 × K2 (not to be confused with the Cartesian product
K1  K2) of the underlying graphs K1 and K2 ofM1 andM2, respectively. For amore extensive account
on map products we refer the reader to [2,21,26]. For definitions of various graph products, including
the Cartesian and the direct (or tensor) product the reader may consult [1].
3. Nilpotent regular maps
We start our study of regular maps with nilpotent automorphism group by giving a complete
description of regular maps whose automorphism group is abelian. Although this is a folklore result,
its statement and proof will be useful for further reference in this paper.
Abelian regular maps occur in three infinite families—semistars, balanced bouquets of circles,
and balanced dipoles. For every integer n ≥ 1 we define the semistar Sn to be the map (D, R, L)
with D = Zn, R(x) = x + 1, and L(x) = x; the balanced bouquet Bn of n circles to be the map
with D = Z2n, R(x) = x + 1, and L(x) = x + n; and the balanced dipole Dn to be the map with
D = Zn × Z2, R(x, i) = (x+ 1, i), for n ≥ 2, and L(x, i) = (x, i+ 1); for n = 1 we set R(x, i) = (x, i).
One can easily verify that all these maps are regular and that their monodromy groups (and hence
their automorphism groups) are isomorphic toZn,Z2n, andZn×Z2, respectively. In terms of algebraic
regular maps, Sn = (Zn; 1, 0),Bn = (Z2n; 1, n), andDn = (Zn× Z2; (1, 0), (0, 1)). It may be useful
to add that the semistar Sn is self-dual for each n ≥ 1, and that the balanced bouquet Bn and the
balanced dipoleDn are dual to each other for n odd, whereas they are self-dual for n even.
We now show that each regular map whose automorphism group is abelian is one of these.
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Theorem 3.1. LetM be a regular map whose automorphism group is an abelian group G of order n. Then
either M ∼= Sn, or n = 2m andM ∼= Bm or M ∼= Dm.
Proof. We can clearly assume that M coincides with the algebraic map (G; r, l) arising from an
abelian group G of order n ≥ 1. The eligible generating pairs (r, l) fall into three classes: either l = 1,
or else l ≠ 1 and ⟨r⟩ ∩ ⟨l⟩ = 1 or ⟨r⟩ ∩ ⟨l⟩ ≠ 1. If l = 1, then G ∼= Zn andM is isomorphic to Sn. In the
other two cases nmust be even, say n = 2m. If ⟨r⟩ ∩ ⟨l⟩ = 1, then G ∼= Zm × Z2 andM is isomorphic
toDm. Finally, if ⟨r⟩ ∩ ⟨l⟩ ≠ 1, then l = rm. Hence G = ⟨r⟩ is cyclic, andM is isomorphic toBm. In all
three cases there is, up to isomorphism, a unique associated regular map. 
The following direct decomposition theorem is a fundamental fact about nilpotent regular maps.
Theorem 3.2. Every regular map with a nilpotent automorphism group can be uniquely decomposed into
a direct product of two regular maps; the automorphism group of one is a 2-group and the other map is a
semistar of odd valency.
Proof. LetM be a regular map with nilpotent automorphism group G. Since G is the direct product of
its Sylow subgroups, it can be expressed as a direct product G = HK , whereH is the Sylow 2-subgroup
and K is a subgroup of odd order. As G = ⟨r, l⟩ for suitable r and lwith l2 = 1, it follows that r = rHrK
and l = lH lK , where ⟨rH , lH⟩ = H and ⟨rK , lK ⟩ = K . However, l2 = 1 and K has odd order, so lK = 1, and
hence K = ⟨rK ⟩ is cyclic. By Theorem 3.1, each cyclic group of odd order gives rise to a unique regular
map, namely the semistar. Furthermore, the 2-group H = ⟨rH , lH⟩ determines a regular mapH with
automorphism group isomorphic to H . Since H and K have relatively prime orders,M is isomorphic
toH ×K whereK is a semistar of odd valency. Clearly, this decomposition is unique. 
The unique decompositionM = H × K where Aut(H) is a 2-group and K is an odd semistar
described in the previous theorem will be called the canonical decomposition of a nilpotent regular
mapM. SinceH andK have coprime valencies, multiplyingH byK ∼= Sn only replaces each edge
ofH by n parallel edges while leaving the vertices ofH intact.
We now offer several consequences of Theorem 3.2. The first of them states that the basic
parameters of such maps are always even.
Corollary 3.3. Let M be a regular map with a nonabelian nilpotent automorphism group. Then the
following hold.
(i) The number of vertices and the number of faces of M are powers of two; the valency, covalency, and
the number of edges are all even.
(ii) If the underlying graph of M is simple, then Aut(M) is a 2-group, and the valency, covalency, and the
number of edges are all powers of two.
Proof. Throughout the proof we keep the notation introduced in the proof of Theorem 3.2; in
particular,M = H ×K and G = ⟨r, l⟩ = HK = ⟨rH , lH⟩ × ⟨rK , lK ⟩.
Clearly, the number of vertices ofM equals the number of vertices of H . As the latter coincides
with the index |H : ⟨rH⟩|, it must be a power of two. The number of faces ofM equals the number of
vertices of the dual mapM∗, which by the previous argument is also a power of two. Next, from the
canonical decomposition we derive
ord(r) = ord(rHrK ) = lcm{ord(rH), ord(rK )} = ord(rH)ord(rK ).
Now, if the valency ofM is odd, then ord(rH) = 1, implying that H is either trivial or a cyclic group
of order two. On the other hand, K is a cyclic group of odd order, therefore G = HK is abelian,
contradicting the assumption. Hence the valency of M is even, and by duality, the covalency of M
is even as well. This proves (i).
To prove (ii), observe ifM = H × K is simple, the semistar K is the trivial map S1 and hence
K = 1. It follows that Aut(M) is a 2-group, as claimed. 
The second consequence describes an important structural property of nilpotent maps.
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Theorem 3.4. Every regular map with nonabelian nilpotent automorphism group is bipartite.
Proof. First, let M be a regular map whose automorphism group is any 2-group G. Then there is a
sequence of group epimorphisms G = Gn → Gn−1 → · · · → G1 → G0 such that Gj−1 arises from
Gj by factoring out a central involution of Gj. Let n be the smallest integer such that Gn = G and G0
is abelian. By induction on n we prove thatM is either a semistar, a balanced bouquet of circles, or is
bipartite.
If n = 0, then G = G0 is abelian, and Theorem 3.1 implies thatM is as claimed. Assume that n ≥ 1.
By the induction hypothesis, each regular map corresponding to Gn−1 is either a semistar, a balanced
bouquet of circles, or is bipartite. Since M is a 2-fold covering of one of these regular maps, it will
again be a semistar, a balanced bouquet of circles, or will be bipartite. This concludes the induction
step and proves the claim.
Now let M be a regular map with a nonabelian nilpotent automorphism group. If Aut(M) is
a 2-group, then by the above claim, M is either a semistar, a balanced bouquet of circles, or is
bipartite. Since Aut(M) is nonabelian, Theorem 3.1 implies that the former two cases cannot occur.
So M is bipartite. In the general case, M arises as a direct product of a bipartite map whose
automorphism group is a nonabelian 2-group by an odd semistar. This operation clearly does not
destroy bipartiteness. 
4. Nilpotent dipoles
In the previous sectionwe have seen that, aside from two obvious infinite classes, nilpotent regular
maps are bipartite. Since each such map can be mapped onto a nilpotent regular map with only two
vertices, understanding the latter maps will have an impact on understanding nilpotent regular maps
in general. Any regularmapwith two vertices is clearly an embedding of an n-dipoleDn, a graphhaving
n ≥ 1 parallel edges and no loops or semiedges. Those with nilpotent automorphism groups will now
be classified.
By Theorem 3.1, balanced dipolesDn are the only regular embeddings of Dn whose automorphism
group is abelian. In order to describe those with nonabelian automorphism group, letD(n, e), where
n ≥ 2 and e ∈ Z∗n , denote the map with dart-set D = Zn × Z2, rotation R(x, i) = (x + ei, i), and
dart-reversing involution L(x, i) = (x, i+ 1). In particular,Dn = D(n, 1). Further note that the map
D(n,−1) is the well-known regular embedding of the dipole Dn in the 2-sphere with n digonal faces
and dihedral automorphism group Dn. Its dual is the unique embedding of the n-cycle Cn in the 2-
sphere with two n-gonal faces.
The following classification of regular embeddings of dipoles is proved in [18].
Theorem 4.1. An embedding of the n-dipole Dn is regular if and only if it is isomorphic to the mapD(n, e)
for some e ∈ Z∗n such that e2 ≡ 1 (mod n). Moreover,D(n, e) ∼= D(n, e′) if and only if e ≡ e′ (mod n).
The above result implies that the number of isomorphism classes of regular embeddings of the n-
dipole Dn equals the number ξ(n) of solutions of the congruence e2 ≡ 1 (mod n). A formula for ξ(n)
is well known, see, for example, [17, p. 84]. Hence, the following holds.
Corollary 4.2. Let n be an integer with canonical decomposition n = 2αpα11 · · · pαkk , where k ≥ 0 and
each αi > 0. Then the number ξ(n) of non-isomorphic regular embeddings of Dn is equal to 2k for α ≤ 1,
to 2k+1 for α = 2, and to 2k+2 for α ≥ 3.
Observe that the covalency of D(n, e) is twice the additive order of e + 1 in Zn, that is to say,
2n/ gcd(n, e + 1), implying that the number of faces of D(n, e) is gcd(n, e + 1), see [18, Section 9].
Furthermore, it can easily be seen that the automorphism group of D(n, e) is isomorphic to the
metacyclic group
G(n, e) = ⟨x, y | xn = y2 = 1, yxy = xe⟩.
This means, in particular, that the automorphism group of every regular embedding of a dipole is
solvable. From the presentation of G(n, e) it is obvious that the commutator subgroup of G(n, e) is the
cyclic subgroup ⟨xe−1⟩ of order r = n/ gcd(n, e− 1), and that the centre is ⟨xr⟩.
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The question of which of the groups G(n, e), and hence which regular mapsD(n, e), are nilpotent
does not have such a straightforward answer. To this end, the following lemma will be useful.
Lemma 4.3. Let D(m, e) be a regular embedding of the m-dipole Dm, with e2 = 1 (mod m), and let n be
an integer coprime to m. Then the regular map D(m, e) × Sn is isomorphic to D(mn, f ), where f is the
least integer smaller than mn and such that
f ≡ e (mod m) and f ≡ 1 (mod n).
Proof. First observe that the underlying graph of D(m, e) × Sn is the dipole Dmn. It follows from
Theorem 4.1 thatD(m, e)× Sn ∼= D(mn, f ) for some f such that f 2 ≡ 1 (mod mn). What remains is
to determine this f .
Let us identify the dart set of D(m, e) × Sn with Zm × Z2 × Zn. The rotation is then given
by R(x, i, j) = ((x + ei)modm, i, (j + 1)mod n) and the dart reversing involution by L(x, i, j) =
(x, (i+1)mod 2, j). Clearly, Rk(x, i, j) = ((x+kei)modm, i, (j+k)mod n). In particular, Rk(0, 1, 0) =
(kemodm, 1, kmod n). From the definition of the dipole map it is now easy to see that f must be the
smallest integer such that Rf (0, 1, 0) = (1, 1, 1), that is, fe ≡ 1 (mod m) and f ≡ 1 (mod n). Since
e2 ≡ 1 (mod m), we can write the first of the above equations as f ≡ e (mod m). By the Chinese
Remainder Theorem, such f is unique. 
We are now ready to classify nilpotent regular embeddings of dipoles.
Theorem 4.4. Let n = 2st where t ≥ 1 is odd and s ≥ 0. Then the embedding D(n, e) of the dipole Dn is
a nilpotent regular map if and only if
(i) e ≡ ±1 (mod 2s) or e ≡ 2s−1 ± 1 (mod 2s), for s ≥ 1, and
(ii) e ≡ 1 (mod t).
Furthermore, the number of isomorphism classes of nilpotent regular embeddings of Dn coincides with the
number of elements of Z∗n satisfying (i) and (ii).
Proof. Assume that D(n, e) is a nilpotent regular map where n = 2st , with t ≥ 1 odd and s ≥ 0.
By Theorem 3.2, the map decomposes into a direct productH × St whereH is a regular map whose
automorphism group is a 2-group. Since multiplyingH by St only replaces each edge with t parallel
edges, Theorem 4.1 implies thatH ∼= D(2s, f ) for some integer f such that f 2 ≡ 1 (mod 2s). It is well
known [17] that the latter congruencehas four solutions, namely 1,−1, 2s−1−1, and2s−1+1 (mod 2s),
which are distinct for s ≥ 3, but may collapse into one or two solutions for s ≤ 2. Lemma 4.3 further
implies that e ≡ f (mod 2s) and e ≡ 1 (mod t). By combining these facts together we get (i) and (ii).
For the converse, let n = 2st where t ≥ 1 is odd and s ≥ 0, and letD(n, e) be a map for which (i)
and (ii) are fulfilled. The conditions immediately imply that e2 ≡ 1 (mod n), soD(n, e) is regular, by
Theorem 4.1.We show thatD(n, e) ∼= D(2s, e)×St . By condition (i), themapD(2s, e) is also regular,
hence D(2s, e) × St is nilpotent being a product of two nilpotent regular maps. By Lemma 4.3, the
map D(2s, e) × St is isomorphic to D(n,N) for a unique N < n such that N ≡ e (mod 2s) and
N ≡ 1 (mod t). Now (ii) gives N = e, soD(n, e) ∼= D(2s, e) × St . ThereforeD(n, e) is nilpotent, as
required.
The last statement of the theorem is a direct consequence of Theorem 4.1 and the Chinese
Remainder theorem. 
Corollary 4.5. The regular mapD(n,−1) is nilpotent if and only if n is a power of 2.
Proof. Suppose that D(n,−1), where n = 2st and t is odd, is a nilpotent regular map. From
condition (ii) of Theorem4.4we get−1 ≡ 1 (mod t), which implies that t = 1. Hence n is a power of 2.
The converse is obvious. (Alternatively, the result follows from fact that the automorphism group of
D(n,−1) is dihedral, which is known to be nilpotent if and only if its order is a power of 2.) 
With a little more work one can extend the ideas of the previous proof to derive a complete
description of nilpotent regular embeddings of dipoles.
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Theorem 4.6. Let n = 2st be an integer where t ≥ 1 is odd and s ≥ 0.
(i) If s ≤ 1, the balanced dipoleD(n, 1) is the only nilpotent regular embedding of Dn.
(ii) If s ≥ 2, thenD(n, e+ n/2) is a nilpotent regular map whenever D(n, e) is.
(iii) For s = 2 the maps D(n, 1) and D(n, 1 + n/2) are the only non-isomorphic nilpotent regular
embeddings of Dn.
(iv) For s ≥ 3 there are exactly four non-isomorphic nilpotent regular embeddings of Dn, namely
D(n, 1),D(n, 1 + n/2),D(n, e), andD(n, e + n/2), where e is the unique solution of the system
e ≡ −1 (mod 2s) and e ≡ 1 (mod t).
Proof. If s = 0, then n is odd, and Theorem 4.4 yields thatD(n, 1) is the only nilpotent regular map
in this case.
For s ≥ 1 let us consider the subgroup A = {1,−1, 2s−1 + 1, 2s−1 − 1} ≤ Z∗2s . By the Chinese
Remainder Theorem, for each a ∈ A the system of congruences e ≡ a (mod 2s) and e ≡ 1 (mod t)
has a unique solution in Zn. In view of Theorem 4.4, the number of non-isomorphic nilpotent regular
embeddings of Dn coincides with the size of the subgroup A. This is either 1, 2, or 4, depending on
whether s = 1, s = 2, or s ≥ 3, respectively.
Let s = 1. In this caseA = {1}, and therefore e = 1 is the only solution of the system e ≡ 1 (mod 2s)
and e ≡ 1 (mod t). Consequently,D(n, 1) is the only nilpotent regular embedding of Dn.
Let s ≥ 2. We prove that if D(n, e) is a nilpotent regular map, then the same is true for
D(n, e+n/2). Suppose thatD(n, e) is nilpotent. Then e satisfies conditions (i) and (ii) of Theorem 4.4.
Since n/2 = 2s−1t ≡ 0 (mod t), we have that e+n/2 ≡ 1 (mod t), verifying condition (ii) for e+n/2.
To verify condition (i) notice that
A+ 2s−1 ≡ A (mod 2s)
and
e+ n/2 = e+ 2s−1t − 2s−1 + 2s−1 = e+ 2s−1 + 2s−1(t − 1) ≡ e+ 2s−1 (mod 2s).
It follows that
A+ n/2 ≡ A+ 2s−1 ≡ A (mod 2s),
which implies that e+n/2 also satisfies condition (i). HenceD(n, e+n/2) is a nilpotent regular map.
Moreover, e ≠ e+ n/2 in Zn, so these two maps are non-isomorphic.
If s = 2, then A = {1,−1}, and hence there are exactly two non-isomorphic nilpotent regular
embeddings of Dn, which must beD(n, 1) andD(n, 1+ n/2).
Finally, let s ≥ 3. Then |A| = 4 and therefore there are four pairwise non-isomorphic nilpotent
regular embeddings ofDn. These come in twopairs,D(n, 1),D(n, 1+n/2) andD(n, e),D(n, e+n/2),
where e ∈ Zn is the unique solution of the system e ≡ −1 (mod 2s) and e ≡ 1 (mod t) guaranteed
by the Chinese Remainder theorem. This completes the proof. 
One extremal case of the previous theorem is worth a closer look, namely n = 2s. There is one
nilpotent regular map D(n, e) for each e ∈ {1,−1, 2s−1 + 1, 2s−1 − 1} (with obvious degeneracies
for s ≤ 2). While D(2s, 1) is abelian and non-spherical, the map D(2s,−1) is an embedding on
the 2-sphere with dihedral automorphism group; its nilpotency class is s. As regards the other two
maps, their nilpotency classes are 2 and s, respectively, which readily follows from the fact that
Z(G(n, e)) = ⟨xr⟩where r is the additive order of e− 1 in Zn.
We conclude this section with an interesting consequence of our classification. It strengthens
Corollary 3.3 wherein we have shown that the valency and the covalency of a nilpotent regular map
are both even.
Theorem 4.7. Let M be a nonabelian nilpotent regular map. Then either 4 divides both the valency and
the covalency of M, or elseM is one of the following exceptional maps:
(i) D(n, 1+ n/2), where n = 4t with t ≥ 1 odd;
(ii) D(n, e), where n = 2st with s ≥ 3 and t ≥ 1 odd, and where e is the unique solution of the system
of congruences e ≡ −1 (mod 2s) and e ≡ 1 (mod t);
(iii) the dual of any of the above maps.
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Proof. Suppose that 4 does not divide either the valency or the covalency of M. By duality, we
may assume that the covalency d of M is twice an odd number. From Theorem 3.2 we know that
M = H×K where Aut(H) is a nonabelian 2-group andK is an odd semistar. Factoring out Aut(K),
which is cyclic of odd order, gives rise to a map homomorphism M → H . The covalency of H is
clearly a power of 2, but cannot be larger than 2, for otherwise the covalency ofM would be divisible
by 4. As the dual ofH is an embedding of a cycle,H is a spherical embedding of a dipole, that is, the
map D(2s,−1) for some s ≥ 0. It follows thatM itself is a regular embedding of a dipole. SinceM
is nilpotent and nonabelian, it must be one of the maps listed in items (iii) and (iv) of Theorem 4.6
and must be distinct fromD(n, 1). To finish the proof we only need to check the covalencies of these
maps. Recall that the covalency ofD(n, e) is equal to twice the additive order of e + 1 in Zn, that is,
d = 2n/ gcd(n, e+ 1).
Consider the mapD(n, 1+ n/2) from item (iii) of Theorem 4.6, where n = 4t with t odd. Since
gcd(n, e+ 1) = gcd(4t, 2+ 2t) = 2 gcd(2t, 1+ t) = 4,
we have d = 8t/4 = 2t , and we get the family listed in (i) of this theorem. This includes the boundary
case e+ 1 = n, which occurs when n = 4 and the map isD(4,−1).
Consider the mapD(n, 1 + n/2) from item (iii) of Theorem 4.6, where n = 2st with s ≥ 3 and t
odd. Note that 1+ e = 2+ n/2 < n because n ≥ 8. Since
gcd(n, e+ 1) = (2st, 2+ 2s−1t) = 2 gcd(2s−1t, 1+ 2s−2t) = 2,
we have d = 2s+1t/2 = 2st . Consequently, this family is not exceptional.
Now consider the mapD(n, e) from item (iii) of Theorem 4.6, where n = 2st with s ≥ 3 and t odd,
and where e ≡ −1 (mod 2s) and e ≡ 1 (mod t). Then e is of the form e = x2s − 1, and
gcd(n, e+ 1) = gcd(2st, x2s) = 2s gcd(t, x) = 2s.
The last equality holds since e = x2s− 1 is also of the form e = yt+ 1. Consequently, d = 2s+1t/2s =
2t , and we have the exceptional family listed in (ii) of this theorem. Note that this family includes the
boundary case e+ 1 = n, which occurs when n = 2s and the map isD(2s,−1).
Finally, consider the map D(n, e + n/2) from item (iii) of Theorem 4.6, where n = 2st with
s ≥ 3 and t odd, and where e ≡ −1 (mod 2s) and e ≡ 1 (mod t). First notice that e′ = e + n/2
satisfies the congruences e′ ≡ 2s−1 − 1 (mod 2s) and e′ ≡ 1 (mod t). Hence e′ is of the form
e′ = x2s + 2s−1 − 1 = 2s−1(2x+ 1)− 1. Also note that 1+ e′ < n, for otherwise e′ would satisfy the
congruences and e′ ≡ −1 (mod 2s) and e′ ≡ 1 (mod t), which is impossible since e′ ≠ e. It follows
that
gcd(n, e′ + 1) = gcd(2st, 2s−1(2x+ 1)) = 2s−1 gcd(2t, 2x+ 1) = 2s−1.
The last equality holds since e′ = 2s−1(2x + 1) − 1 is also of the form e = yt + 1. Consequently,
d = 2s+1t/2s−1 = 4t , and hence this family is not exceptional. The proof is complete. 
5. Nilpotent regular maps of class two
In the final section of this paper we give a complete description of all regular maps whose
automorphism group is a nilpotent group of class two. The interest in suchmaps is, among others, due
to the fact that every nilpotent regular map with nonabelian automorphism group will cover at least
one of these maps. By Theorem 3.2, it is sufficient to classify only the maps where the automorphism
group is a 2-group. As we shall see, there are two infinite series of such maps, one of them being the
familyD(2n, 2n−1 + 1)with n ≥ 3.
We first identify the groups. Instead of using classical results of Miller and Moreno [16] and
Rédei [22] (see also [10, p. 285]) we take a direct approach in the course of which we derive other
useful properties of the groups in question (see Lemma 5.2). We start with the following lemma.
Lemma 5.1. Let G = ⟨a, b⟩ be a two-generated 2-group of nilpotency class twowhere b2 = 1. Then [a, b]
is a central involution and G′ = ⟨[a, b]⟩ ∼= Z2.
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Proof. We employ the well-known commutator identities [g1g2, h] = [g1, h]g2 [g2, h] and [h, g1g2] =
[h, g2][h, g1]g2 , where [g, h] = g−1h−1gh and gh = h−1gh. Since G has nilpotency class two, we have
G′ ≤ Z(G). Thus in our case these identities simplify to [g1g2, h] = [g1, h][g2, h] and [h, g1g2] =
[h, g2][h, g1], respectively. The second of them yields [a, b2] = [a, b][a, b], but since b2 = 1, the
left-hand side is the identity, so [a, b]2 = 1. Hence, [a, b] is a central involution.
To complete the proof we show that G′ = ⟨[a, b]⟩. To this end we prove that any commutator
[g, h] in G is a power of [a, b]. We employ induction on the length of expression of g or h in terms
of the generators a and b. The claim is clearly true if both g and h are words of length 1. Consider a
commutator [g, h] where g has length greater than one. Then g = cd where both c and d are shorter
that g . From the first simplified identitywe obtain that [g, h] = [cd, h] = [c, h][d, h]. By the induction
hypothesis, both [c, h] and [d, h] are powers of [a, b], and hence so is [g, h]. If h has length greater than
one, the argument is similar but using the other identity. This concludes the induction step as well as
the proof of the lemma. 
In order to classify all two-generated 2-groups of class 2 with one generator being an involution
we first consider the following two infinite families of groups G1(n) and G2(n), where n is a positive
integer, given by the presentations
G1(n) = ⟨x, y; x2n = y2 = 1, [x, y] = x2n−1⟩, and
G2(n) = ⟨x, y, z; x2n = y2 = z2 = [z, x] = [z, y] = 1, z = [x, y]⟩.
Clearly, G1(1) is isomorphic to Z2 × Z2, while G1(2) and G2(1) are both isomorphic to the dihedral
group D4 of order 8. These boundary cases are somewhat exceptional. Note that the groups G1(n) are
metacyclic (since G1(n)/⟨xy⟩ ∼= Z2) whereas G2(n) for n > 1 are not.
We now collect some further properties of G1(n) and G2(n) to be later used for the classification of
maps.
Lemma 5.2. The groups G1(n), n ≥ 2, and G2(n), n ≥ 1, are finite 2-groups of order 2n+1 and 2n+2,
respectively, and of nilpotency class 2. Moreover, the following hold.
(a) For n ≥ 2 we have G2(n)/⟨x2n−1⟩ ∼= G2(n− 1) and G2(n)/⟨zx2n−1⟩ ∼= G1(n).
(b) Z(G2(n)) = ⟨x2, z⟩ for n ≥ 1, and Z(G1(n)) = ⟨x2⟩ for n ≥ 2.
(c) The involutions in G2(n), where n ≥ 2, are precisely the seven nonidentity elements of the subgroup
⟨x2n−1 , y, z⟩ ∼= Z2×Z2×Z2. The involutions in G1(n), where n ≥ 3, are the three nonidentity elements
of the subgroup ⟨x2n−1 , y⟩ ∼= Z2 × Z2.
(d) The elements of order 2n in G2(n), where n ≥ 2, are precisely the elements of the cosets ⟨y, z⟩ xj, with
j odd. Elements of order 2n in G1(n), where n ≥ 3, are precisely the elements of the cosets ⟨y⟩ xj, with
j odd. In either group, 2n is the maximal order.
Proof. We first prove that G1(n) is a finite 2-group of class 2. Set z := [x, y] = x2n−1 . Observe that
z is central, for [x, y]−1 = [x, y] and y2 = 1 together imply that [[x, y], y] = 1. An easy induction
argument shows that xjy = z jyxj for every integer j, whence
xjy = yxj+j2n−1 . (1)
Thus, G1(n) = ⟨x⟩ ∪ y⟨x⟩, and so G1(n) is a 2-group of order 2n+1 for each n ≥ 2. It is clearly of class 2.
Next we prove that G2(n) is a finite 2-group of class 2. To start with, observe that for each n ≥ 2
there is an obvious group epimorphismG2(n)→ G2(n−1) arising from the assignment x → x, y → y;
its kernel is ⟨x2n−1⟩. Since G2(1) is isomorphic to D4, we see that all these groups are nonabelian. It
follows that z = [x, y] ≠ 1, and hence z is a central involution. As before, by induction we derive that
xjy = z jyxj (2)
for every integer j. Thus, G2(n) = ⟨x⟩ ∪ y⟨x⟩ ∪ z⟨x⟩ ∪ zy⟨x⟩. If n = 1, we have G2(1) ∼= D4,
and hence all four cosets are pairwise disjoint. An easy inductive argument using the epimorphism
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G2(n) → G2(n − 1) shows that the same is true for each n ≥ 1. Consequently, G2(n) is a 2-group of
order 2n+2. Since G2(n)/⟨z⟩ is abelian, G2(n) is of nilpotency class 2.
We are now ready to prove statements (a)–(d) of the lemma. We start with proving (b). By (2) we
have that ⟨x2, z⟩ ≤ Z(G2(n)). Also, the elements xj and zxj, with j odd, are clearly not central for other-
wise the groupwould be abelian. Suppose that some yxj is central. Then j is odd, for otherwise ywould
be central and hence G2(n) abelian. However, if j is odd, then [xj, y] = [y, y][xj, y] = [yxj, y] = 1,
so y centralises ⟨xj⟩ = ⟨x⟩, a contradiction. It is now immediate that no element zyxj can be central
either. Thus, Z(G2(n)) indeed coincides with ⟨x2, z⟩. In a similar fashion we prove that for n ≥ 2 we
have Z(G1(n)) = ⟨x2⟩. This proves (b).
Let us prove (a). We have already shown that G2(n)/⟨x2n−1⟩ ∼= G2(n − 1). Next, since zx2n−1 is
a central element of G2(n) for n ≥ 2, the subgroup ⟨zx2n−1⟩ is normal. Hence adding the relation
zx2
n−1 = 1 to the presentation of G2(n)we find that the defining relations of G1(n) are satisfied in the
quotient G2(n)/⟨zx2n−1⟩. Therefore G2(n)/⟨zx2n−1⟩ is a quotient of G1(n). But since ⟨zx2n−1⟩ is of order
two, we have that |G2(n)/⟨zx2n−1⟩| = |G1(n)|. Thus, G2(n)/⟨zx2n−1⟩ ∼= G1(n). This proves (a).
We nowprove (c). Consider the groupG2(n). Since z = [x, y] is a central element, an easy induction
argument shows that
(yxj)k = z j

k
2

ykxjk (3)
for all integers j and k. By direct computation we now find, for n ≥ 2, that G2(n) contains seven
involutions, namely y, z, zy, x2
n−1
, yx2
n−1
, zx2
n−1
, and zyx2
n−1
. In other words, the involutions are
precisely the nonidentity elements of the subgroup ⟨x2n−1 , y, z⟩ ∼= Z2 × Z2 × Z2.
Consider the group G1(n), where n ≥ 3. Since z := [x, y] = x2n−1 is a central involution, apart
from xjy = z jyxj = yxj+j2n−1 we also have that (yxj)k = z j

k
2

ykxjk = ykxjk+j

k
2

2n−1 for all integers k.
In particular, for yxj to be an involution we must have j = 0 or j = 2n−1. We then find that G1(n), for
n ≥ 3, has exactly three involutions, namely y, z, and yz.
To prove (d), consider the group G1(n) first. If j is odd, then (yxj)k equals either xjk, yxjk, xjk+j2
n−1
, or
yxjk+j2n−1 , depending on whether the congruence class of kmodulo 4 is 0, 1, 2, or 3, respectively. Since
yxjk ≠ 1 and yxjk+j2n−1 ≠ 1, the order of yxj is even. However, k = 2 (mod 4) and jk + j2n−1 =
0 (mod 2n) together imply that k = n = 2. As n > 2, the order must be divisible by 4, and
consequently, ord(yxj) = ord(xj) = 2n. If j is evenwe can clearly assume that j ≠ 0. Now, (yxj)k equals
either xjk or yxjk, depending on whether the residue class of k modulo 4 is even or odd, respectively.
Since yxjk ≠ 1 we have that the order of yxj must be even. Taking k to be either ord(yxj) or ord(xj),
which are both even, the equality (yxj)k = xjk implies that ord(yxj) = ord(xj). As j is even, this order is
strictly smaller than 2n. Hence elements of order 2n are exactly as stated, and 2n is the maximal order.
A similar argument applies to G2(n). Observe that (yxj)k equals either xjk, yxjk, zxjk, or zyxjk,
depending on whether the congruence class of k modulo 4 is 0, 1, 2, or 3. It follows that if k is the
order of yxj, then k is divisible by 4, and in this case xjk = 1. So if j is odd, this order is divisible by, and
hence equal to 2n. Consequently, the elements from the cosets ⟨y, z⟩ xj with j odd all have order 2n.
The reader can easily show that ord(yxj) = ord(xj) also for j even. As above, elements of order 2n are
as stated, and 2n is the maximal order. This proves (d) and hence the lemma. 
Theorem 5.3. Let G = ⟨a, b⟩ be a 2-group of class 2, where ord(a) = 2n and ord(b) = 2. For n = 1,G
is isomorphic to G2(1) ∼= D4. Otherwise, for n ≥ 2, either G ∼= G1(n) or G ∼= G2(n).
Proof. Let G = ⟨a, b⟩ be a 2-group satisfying the hypotheses. If n = 1, the conclusion is immediate.
Let n ≥ 2, and set c = [a, b]. Since c is a central involution, by Lemma 5.1, the following relations
hold in G:
a2
n = b2 = z2 = [c, a] = [c, b] = 1.
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So G is a quotient of G2(n). If c ∉ ⟨a⟩, then the four cosets ⟨a⟩, b⟨a⟩, c⟨a⟩, and cb⟨a⟩must be pairwise
distinct since otherwise G would be abelian. Hence G ∼= G2(n). If c ∈ ⟨a⟩, then necessarily c = a2n−1 ,
and G ∼= G1(n). 
Theorem 5.4. Every regular map whose automorphism group is a 2-group of class 2 is isomorphic to
M1(n) = (G1(n); x, y) for some n ≥ 2, or toM2(n) = (G2(n); x, y) for some n ≥ 1. These maps are
pairwise non-isomorphic and self-dual, except for M1(2) andM2(1) which are dual to each other.
Proof. In order to derive the isomorphism classes of regular maps whose automorphism group is
isomorphic to a given group Gwe have to identify the orbits of Aut(G) acting on the generating pairs
(r, l). In view of Theorem 5.3 we distinguish two cases, in fact, three, since the groups G1(2) and G2(1)
should be treated separately.
Case 1: G = G2(n), n ≥ 2. First of all, the involution l be cannot be central. Moreover, without
loss of generality we may assume l = y. Indeed, in view of Lemma 5.2(c), each of the assignments
(x, y) → (x, zy), (x, y) → (x, yx2n−1), and (x, y) → (x, zyx2n−1) extends to an automorphism of G,
which follows from the fact the modified pairs satisfy the defining relations.
As for the generator r , we note the following. If any of (xj, y), (yxj, y), (zxj, y) or (zyxj, y) is a
generating pair, then jmust be odd, because ⟨xj, y⟩ and ⟨zxj, y⟩ are abelian for j even, by Lemma 5.2(b),
and ⟨yxj, y⟩ = ⟨xj, y⟩ and ⟨zyxj, y⟩ = ⟨zxj, y⟩. By Lemma 5.2(d), the elements xj, yxj, zxj, and zyxj,
for j odd, are of order 2n. It is now easy to see that the assignments (x, y) → (xj, y), (x, y) →
(yxj, y), (x, y) → (zxj, y), and (x, y) → (zyxj, y), with j odd, all extend to automorphisms of G.
Consequently, there is, up to isomorphism, a unique regular map arising from (x, y). The map is
necessarily self-dual.
Case 2: G = G1(n), n ≥ 3. We proceed as in Case 1. Note that l ≠ z since ⟨r, z⟩ is abelian.
Further, the assignment x → x, y → yz extends to an automorphism of G, which shows, in view
of Lemma 5.2(c), that we may assume l = y without loss of generality. Next, if (xj, y) is a generating
pair, then clearly j must be odd, by Lemma 5.2(d). The same conclusion holds for (yxj, y) because
⟨yxj, y⟩ = ⟨xj, y⟩. Hence either r = xj or r = yxj, with j odd in both cases. Again, the assignments
x → xj, y → y and x → yxj, y → y extend to automorphisms of G. This shows that we may
assume r = x. Consequently, for n ≥ 3 there exists, up to isomorphism, a unique regular map with
automorphism group G1(n), which arises from the generating pair (x, y). In particular, this map must
be self-dual.
Case 3: G = G1(2) or G = G2(1). Both groups are isomorphic to the dihedral group D4
of order 8. Any generating pair (r, l) with l2 = 1 is equivalent either to (x, y) as in G1(2) =
{1, x, x2, x3, y, yx, yx2, yx3} or to (x, y) as in G2(1) = {1, x, y, yx, z, zx, zy, zyx}. Note that (yx, y) of
G1(2) corresponds to (x, y) in G2(1), and (yx, y) as in G2(1) corresponds to (x, y) as in G1(2). The
respective regular maps are dual to each other. 
We now describe the above maps in more detail. For n ≥ 3, the map M1(n) has two vertices
corresponding to two cosets of ⟨x⟩; consequently, its underlying graph is the 2n-dipole D2n . In fact,
M1(n) is isomorphic to the dipole mapD(2n, 2n−1+ 1). Since the map is self-dual, it has two faces of
length 2n. Hence it has type {2n, 2n} and genus 2n−1 − 1. The mapM1(2) is a spherical embedding of
D4 and is of type {2, 4}.
For n ≥ 2, the map M2(n) has four vertices corresponding to cosets ⟨x⟩, ⟨x⟩y, ⟨x⟩z, ⟨x⟩yz; its
underlying graph is a cycle of length 4 with every edge of multiplicity 2n−1. Since this map is also
self-dual, it has four faces of length 2n. Hence it has type {2n, 2n} and genus 2n − 3. The mapM2(1)
is a spherical embedding of the 4-cycle, which has type {4, 2}. The map M2(2) is an embedding of
the doubled 4-cycle in the torus and has type {4, 4}. The catalogue of regular maps due to Conder
and Dobcsányi [4] lists two selfdual maps of type {16, 16} on 32 edges, R13.18 and R13.19. The map
R13.18 is nilpotent of class 3 while R13.19 is of class 2, which identifies ourM2(4)with R13.19 of the
catalogue.
Since each of G1(n) and G2(n) give rise, for n ≥ 3 and n ≥ 2, respectively, to a unique regular map,
themapsM1(n) andM2(n)must admit all external symmetries that preserve the group. In particular,
they are reflexible, and their exponent group must be the whole of Z∗2n (for details concerning
exponents and exponent groups consult [19]).
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Recall from Lemma 5.2 that for n ≥ 2 the group G2(n) has precisely three nontrivial central
involutions, namely z, x2
n−1
, and zx2
n−1
. Factoring out these involutions from G2(n) yields the groups
Z2n × Z2,G2(n − 1), and G1(n), respectively. The corresponding quotient homomorphisms extend
to map homomorphisms M2(n) → D(2n, 1), M2(n) → M2(n − 1), and M2(n) → M1(n) ∼=
D(2n, 2n−1 + 1). In contrast, there is no epimorphism G1(n) → G1(n − 1) and hence no map
homomorphismM1(n) → M1(n − 1). Indeed, such a homomorphism would necessarily arise from
a factorization by a central involution, however, by Lemma 5.2(b), the commutator [x, y] is the only
central involution of G1(n), and therefore G1(n)/⟨[x, y]⟩ is isomorphic to Z2n−1 × Z2 rather than to
G1(n− 1). The quotient homomorphism G1(n)→ G1(n)/⟨[x, y]⟩ gives rise to a map homomorphism
M1(n) → D(2n−1, 1). Finally, observe that the factorization Z2n × Z2 → Z2n × Z2/⟨(2n−1, 0)⟩ ∼=
Z2n−1 × Z2 induces a map homomorphismD(2n, 1)→ D(2n−1, 1). The situation is described by the
following diagram which is commutative for each n ≥ 3.
M2(n+ 1)

/ M2(n)












/ M2(n− 1)












M1(n + 1) ∼=
D(2n+1, 2n + 1)
M1(n) ∼=
D(2n, 2n−1 + 1)
M1(n − 1) ∼=
D(2n−1, 2n−2 + 1)
  
D(2n, 1) / D(2n−1, 1) / D(2n−2, 1)
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